In this paper by using the path integral formulation of the background field method of QCD in the presence of SU(3) pure gauge background field we simultaneously prove the renormalization of ultra violet (UV) divergences and the factorization of infrared (IR) and collinear divergences in QCD at all orders in coupling constant. We prove that although perturbative QCD is renormalizable but due to confinement in QCD it is not necessary to renormalize QCD to study hadrons production at high energy colliders. This is consistent with the fact that the partons are not directly experimentally observed but the hadrons are directly experimentally observed.
I. INTRODUCTION
Quark and gluon are the fundamental particles of the nature which exist inside the hadron (inside the proton and neutron etc.). Quantum chromodynamics (QCD) is the fundamental theory of the nature which describes the interaction of quarks and gluons.
After the discovery that the Yang-Mills theory is renormalizable [1] and after the discovery of asymptotic freedom in QCD [2] the perturbative QCD (pQCD) calculation at the partonic level has been extensively studied at high energy colliders.
In the loop calculation in perturbative quantum field theory one encounters ultra violet (UV) divergence when the momentum integration limit goes to infinity. This UV divergence prevents us to make any physical prediction as such physical prediction will be divergent. One extends such renormalization program from perturbative QED to perturbative QCD by extending U(1) gauge theory to SU(3) gauge theory [1, 2] . It is shown that the perturbative QCD is renormalizable [1] . However, the main difference between QED and QCD is that while we do directly experimentally observe the electron in QED but we do not directly experimentally observe the quark in QCD because of confinement in QCD, a phenomena which is absent in QED. From the experimental point of view the main difference between QED and QCD is that in QED the experiments directly observe electron which is the fun-damental particle in QED but in QCD the experiments directly observe hadron which is not the fundamental particle in QCD (the fundamental particles in QCD are quark and gluon).
Hence in QED it is clear that since the electron is directly experimentally observed, the renormalized quantities in QED are experimentally measured. However, in QCD this is less clear because the quark is not directly experimentally observed due to confinement in QCD.
Since experiments observe hadron, it is less clear if the renormalized quantities in QCD are necessary for this purpose.
Consider for example the hadrons production at high energy colliders. Let us consider the general partonic level scattering process
where p 
and the renormalized partonic level cross sectionσ is proportional to the renormalized Smatrix (T-matrix) element square at all orders in coupling constant
Using the factorization theorem in QCD [3] [4] [5] [6] [7] [8] the hadrons production cross section at high energy colliders is given by
where f is the renormalized parton distribution function (PDF) inside hadron, D is the renormalized parton to hadron fragmentation function (FF) and the symbol ⊗ represents the necessary folding with the PDF (FF).
In this paper we will prove that σ = f 
which proves that the UV divergences in the unrenormalized S-matrix element square exactly cancel with the UV divergences in the unrenormalized parton distribution functions and with the UV divergences in the unrenormalized parton fragmentation functions at all orders in coupling constant. This proves that although the perturbative QCD is renormalizable but due to confinement in QCD it is not necessary to renormalize QCD to study hadrons production at high energy colliders.
Eq. (5) proves that due to confinement in QCD the QCD is a better theory than QED as far as the ultra violet (UV), infrared (IR) and collinear divergences are concerned.
We will provide a proof of eq. (5) in this paper.
Note that we have derived eq. (5) by using the symmetry consideration at the Lagrangian level in the path integral formulation of the QCD in this paper without using any Feynman diagrams. Hence our calculation is enormously simplified.
The paper is organized as follows. In section II we show that the infrared/soft divergence arises due to the eikonal part of the Feynman diagram in quantum field theory. In section III we prove that the pure gauge field is produced by the light-like eikonal line in quantum field theory. In section IV we show that the collinear divergence in quantum field theory is described by using the pure gauge field. In section V we derive the relation between the n-point connected green's function in QCD and the n-point connected green's function in the background field method of QCD in the presence of SU(3) pure gauge background field.
In section VI we describe the renormalization of the Wilson line. In section VII we discuss the S-matrix element in QCD at all orders in coupling constant and the parton distribution function and the parton to hadron fragmentation function at high energy colliders. In section VIII we present the proof of factorization in QCD at all orders in coupling constant and the cancelation of infrared/soft and collinear divergences in hadrons production at high energy colliders. In section IX we present the simultaneous proof of renormalization and factorization in QCD at all orders in coupling constant at high energy coliders and prove eq. (5). In section X we briefly review how hadron production at high energy colliders is studied by using renormalized pQCD. In section XI we discuss how hadron production at high energy colliders can be studied by using unrenormalized QCD. In section XII we discuss the advantages of the unrenormalized QCD over the renormalized QCD to study hadron production at high energy colliders. In section XIII we discuss that one can do renormalization in QCD to study hadron production at high energy colliders but it is not necessary because the same hadron production cross section can be calculated by using the unrenormalized QCD. Section XIV contains conclusions.
II. INFRARED (SOFT) DIVERGENCE AND THE EIKONAL FEYNMAN RULE
It is well known that in quantum field theory the infrared divergence arises from the eikonal part of the Feynman diagram. We find that the study of the factorization of the infrared divergences due to the presence of light-like eikonal line is enormously simplified due to the pure gauge field. This can be seen as follows.
Let us first consider the QED before going to QCD as the eikonal Feynman rule in QCD is similar to that in QED. The contribution to the Feynman diagram for the process in which an incoming electron of four momentum s µ emits a real photon of four momentum k µ is given by [9] 
where
and
Writing the photon field ǫ δ (k) as the sum of physical (transversely polarized) photon field ǫ δ phys (k) and the pure gauge (longitudinally polarized) photon field ǫ δ pure (k) we find
where [9] ǫ phys δ
From eqs. (7), (8) , (9) , (10) and (11) we find in the infrared/soft photon limit
From eqs. (12) and (14) we find that in the infrared/soft limit the non-eikonal part of the Feynman diagram contributes to the finite (physical) cross section in quantum field theory but from eqs. (13) and (15) we find that if the photon field is the pure gauge field (longitudinally polarized photon) then the infrared/soft divergence in quantum field theory can be studied by using the eikonal part of the Feynman diagram without modifying the finite (physical) cross section.
Hence we find that if the photon field is the pure gauge field (longitudinally polarized photon) then the study of infrared divergence in quantum field theory can be simplified because the longitudinal polarization of the massless photon is un-physical which can be gauged away. In the next section we will show that the light-like eikonal line produces pure gauge field in quantum field theory.
III. LIGHT-LIKE EIKONAL LINE IN QUANTUM FIELD THEORY GENER-ATES PURE GAUGE FIELD
In the previous section we saw that pure gauge field (corresponding to longitudinally polarized photon) can simplify the study of infrared/soft divergence in quantum field theory.
In this section we will show that light-like eikonal line produces pure gauge field in quantum field theory.
For the light-like electron of four-velocity l µ we find from eq. (7) that the eikonal contri-
gives the eikonal current density
where Q δ (x) is the photon field.
In the path integral formulation of quantum field theory, the generating functional of the photon in the presence of external current density I µ (x) is given by [6] Z
which gives the normalized vacuum-to-vacuum transition amplitude < 0|0 > I in the presence of external source I
where L ef f (x) is the effective lagrangian density.
Using eqs. (17) in (19) we find that the effective lagrangian density is given by [6] 
which is the pure gauge field produced by the light-like (l Similarly the (interaction) effective lagrangian density in quantum field theory between the (light-like or non-light-like) non-eikonal current of four-momentum l µ 1 and the gauge field generated by the light-like eikonal current of four-velocity l µ is given by [6] 
which is consistent with eq. (13).
Hence from eqs. (20) and (21) we find that the light-like eikonal current produces pure gauge field in quantum field theory which is consistent with the corresponding result obtained in classical mechanics [3, 10, 11] .
In QED the U(1) pure gauge field A δ (x) is given by A δ (x) = ∂ δ ω(x) and in QCD the SU(3) pure gauge field A δa (x) is given by [6] 
where Φ(x) is the light-like gauge link (or the eikonal line) in the fundamental representation of SU(3).
IV.
COLLINEAR DIVERGENCE IN QUANTUM FIELD THEORY AND THE

PURE GAUGE FIELD
Note from eqs. (7) and (8) that for the non-light-like eikonal line the collinear divergence is absent in quantum field theory because for the non-light-like eikonal line (s 2 = 0) we have
From eqs. (7) and (8) we find that the collinear divergence occurs when
which can only happen when the eikonal line is light-like (s 2 = 0 or l 2 = 0), i. e., when
But we have shown in section III that the light-like eikonal line (l 2 = 0) produces pure gauge field in quantum field theory. We have also shown that for the pure gauge field the non-eikonal contribution in eq. (8) It is also useful to see how the pure-gauge property holds for the case in which the gauge field momentum is collinear to the momentum of the light-like eikonal line in quantum field theory. This can be seen as follows.
From the Feynman rule for the light-like eikonal line that is given in eq. (7), it is apparent that, in the Feynman gauge the polarization of the gauge field is in the l µ (or s µ ) direction.
The statement that the produced gauge field is a pure gauge is equivalent to the statement that the polarization of the gauge field is proportional to the momentum k µ of the gauge field. For the gauge field produced by the light-like eikonal line (l 2 = 0), this is the case only if the momentum k µ of the gauge field is collinear to l µ . This implies that the pure-gauge property holds for the case in which the gauge field momentum is collinear to the momentum of the light-like eikonal line.
Hence from the above discussions we find that the collinear divergence due to the presence of light-like eikonal line in quantum field theory can be studied by using the pure gauge field without modifying the finite value of the (physical) cross section. We have shown in the previous sections that the infrared/soft and collinear divergences in quantum field theory can be studied by using the pure gauge field. We have also shown in the previous sections that the light-like eikonal line produces pure gauge field both in quantum field theory and in classical mechanics. Hence in [6] [7] [8] we have proved the factorization of infrared/soft and collinear divergences in QCD by using the path integral formulation of the background field method of QCD in the presence of SU(3) pure gauge background field.
The renormalization in QCD by using the background field method of QCD is studied in [12] . What we study in this paper is that when the background field is the SU(3) pure gauge background field then the renormalization of ultra violet (UV) divergences and the factorization of infrared/soft and collinear divergences in QCD can be simultaneously studied at all orders in coupling constant by using the path integral formulation of the background field method of QCD.
In this section we will derive the relation between the connected green's function in QCD and the connected green's function in the background field method of QCD in the presence of SU(3) pure gauge background field.
A.
N-Point Connected Green's Function in QCD
In the path integral formulation the generating functional Z[J, η,η] in QCD is given by
where α is the gauge fixing parameter and
with
In eq. (27) the term det(
is the ghost determinant which can be expressed in terms of the path integration over the ghost fields but we will directly work with the ghost determinant det(
(27) in this paper. Note thatη j (x) and J e δ (x) are the external sources for the quark field ψ j (x) and the quantum gluon field Q δe (x) respectively.
The connected Green's function of gluon in QCD is given by
where the suppression of Lorentz and color indices are understood where 
where A δe (x) is the background field and
In eq. (32) the gauge fixing term
depends on the background field A δe (x). The term det(
δω e ) is the ghost determinant which can be expressed in terms of the path integration over the ghost fields but we will directly work with the ghost determinant det(
in the background field method of QCD. The connected Green's function of gluon in the background field method of QCD is given by
where the suppression of Lorentz and color indices are understood. When the background field A δe (x) is the SU(3) pure gauge background field given by eq.
(22) we find [6] [7] [8] 
where Φ(x) is the light-like gauge link in the fundamental representation of SU (3) as given by eq. (22) and
is the light-like gauge link in the adjoint representation of SU(3).
Hence from eqs. (38), (30) and (37) we find
where G(x 1 , ..., x n ) is the n-point connected green's function of gluon in QCD and From eq. (38) we find
where G(x 1 , x 2 ) is the (full) propagator of gluon in QCD and G A (x 1 , x 2 ) is the (full) propagator of gluon in QCD in the presence of SU(3) pure gauge background field A µa (x) where
is the light-like gauge-link (or the eikonal line) in the adjoint representation of SU (3) as given by eq. (40).
VI. RENORMALIZATION OF THE WILSON LINE
In the background field method of QCD the relation between the unrenormalized and renormalized background field and coupling constant are given by [12] 
where Z A , Z g are divergent constants and the subscript R stands for renormalized quantities.
The β function in QCD can be obtained from the renormalization of the background field A a µ from the condition [12] 
Hence by using eq. (44) in (40) we find
which proves that unrenormalized Wilson line is same as renormalized Wilson line in the background field method of QCD.
VII. S-MATRIX ELEMENT IN QCD AT ALL ORDERS IN COUPLING CON-STANT AND PARTON DISTRIBUTION/FRAGMENTATION FUNCTION AT HIGH ENERGY COLLIDERS
Consider all the external particles as gluons in the general scattering process in QCD
Using LSZ reduction formula the S-matrix element for the general scattering process in eq.
(46) in QCD at all orders in coupling constant is given by [13] 
where G R (x 1 , x 2 ) is the renormalized (full) propagator of gluon and G R (x 1 , x 2 , ..., x n ) is the renormalized n-point connected green's function of gluon. The suppression of color and
The partonic level scattering cross sectionσ in QCD at all orders in coupling constant is proportional to the S-matrix element square in QCD
Note that since we are interested in the ultra violet (UV), infrared (IR) and collinear divergences in QCD in this paper, the finite factors due to the relevant sum of polarization vectors (and color factors) are included in the partonic level cross sectionσ in eq. (48) instead of the S-matrix element in eq. (47) in order to simplify the calculation.
Extending eq. (47) we find that the S-matrix element in QCD in the presence of SU (3) pure gauge background field A µa (x) is given by
is the renormalized (full) propagator of gluon in the presence of SU(3) pure gauge background field A µa (x) and G A R (x 1 , x 2 , ..., x n ) is the renormalized n-point connected green's function of gluon in the presence of SU(3) pure gauge background field A µa (x).
Folding the gluon distribution function f inside hadron and the gluon to hadron fragmentation function D with the partonic level scattering cross sectionσ in QCD in eq. (48) we find that the hadronic level cross section σ for the general scattering process in eq. (46) at high energy colliders is given by
The unrenormalized gluon distribution function f U nRenormalized inside the hadron H or the unrenormalized gluon to hadron fragmentation function D U nRenormalized is proportional to the gauge invariant 2-point (quantum) gluon correlation function of the type [8] f
where B, C are some finite factors, a † H is the creation operator of the hadron H and
is the gauge-link (or the eikonal line) in the adjoint representation of SU (3) as given by eq.
(40).
Similarly the renormalized gluon distribution function f inside the hadron or the renormalized gluon to hadron fragmentation function D is given by
VIII. PROOF OF FACTORIZATION IN QCD AT ALL ORDERS IN COUPLING CONSTANT AND CANCELATION OF INFRARED AND COLLINEAR DIVER-GENCES IN HADRONS PRODUCTION AT HIGH ENERGY COLLIDERS
Using eqs. (41), (42) and (45) in eq. (49) we find
. (53) where we have used
where Z Q is the divergent constant from the (quantum) gluon field Q µa renormalization.
Eqs. (47) and (53) prove that the infrared and collinear divergences due to the presence of light-like eikonal line are factorized into the gauge links Φ (A) (x).
Similarly by using eqs. (42), (41), (54) and (45) in eq. (47) we find that the S-matrix element in QCD is given by 
In eq. (56) 52) when used in the hadrons production cross section formula in eq. (50).
Another easy way to see this is to reverse the eq. (56) to find
where the right hand side is in QCD and the left hand side is in the background field method of QCD in the presence of SU (3) (45) and (55) we find
where the unrenormalized S-matrix element < f |i > U nRenormalized in QCD at all orders in coupling constant is given by
where G(x 1 , x 2 ) is the unrenormalized (full) propagator of gluon and G(x 1 , x 2 , ..., x n ) is the unrenormalized n-point connected green's function of gluon.
Note that eq. (58) can also be directly obtained from eqs. (54) and (47).
From eqs. (45), (54), (51) and (52) we find
From eqs. (58), (60), (48) and (50) we find
which reproduces eq. (5) which proves that the renormalization in QCD is not necessary to study hadrons production at high energy colliders at all orders in coupling constant.
From eqs. (55), (52), (61), (48) and (50) we find that the path integral formulation of the background field method of QCD in the presence of SU(3) pure gauge background field enormously simplifies the simultaneous proof of the renormalization of ultra violet (UV) divergences and the factorization of infrared (IR) and collinear divergences in QCD at all orders in coupling constant at high energy colliders.
X. PRESENT APPROACH OF RENORMALIZED PERTURBATIVE QCD TO STUDY HADRON PRODUCTION AT HIGH ENERGY COLLIDERS
In this section we will briefly review the present approach of renormalized pQCD which has been widely used to study hadron production at high energy colliders. In the next section we will describe that the renormalization in QCD is not necessary to study hadron production cross section at high energy colliders where we will discuss how one can study hadron production cross section at high energy colliders in unrenormalized QCD.
A. Renormalized QCD Coupling is Not a Physical Observable
Within the perturbative QCD (pQCD) one calculates the finite partonic level cross section σ at LO, NLO, NNLO etc. in coupling constant by renormalizing QCD because in the unrenormalized QCD the partonic level cross sectionσ U nRenormalized can become infinite due to the ultra violet (UV) divergences in the loop diagrams. The dimensional regularization in the 4 − 2ǫ dimensions is commonly used in the literature where the ǫ serves as a regulator to separate the finite part from the UV divergent part that appears as 1 ǫ n poles in the limit ǫ → 0. If one holds the bare coupling constant g fixed then one gets the divergent partonic cross section in the limit ǫ → 0 in the unrenormalized QCD, see subsection XI A. In order to calculate the finite partonic cross section in the renormalized QCD one adjusts the bare coupling constant g as follows before setting ǫ → 0.
One writes the bare coupling constant g in terms of renormalized running coupling g R (µ) via the equation
where µ is the unphysical mass scale and Z g is the divergent renormalization constant in the limit ǫ → 0. Since the bare coupling constant g is independent of the unphysical mass scale µ one finds that the renormalized running coupling g R (µ) depends on the unphysical mass scale µ. This is the origin of the mass scale µ in renormalized pQCD.
After adding the counter terms to remove ultra violet (UV) divergences from the loop integrals the mass scale µ still remains in the finite part of the loop integral. For example one can set the renormalized running coupling at the scale of the Z boson mass to [14] 
It should be mentioned here that the mass scale µ in QCD is unphysical. Since a physical observable in QCD can not depend on the unphysical mass scale µ one finds that the running coupling g R (µ) in renormalized QCD is not a physical observable.
B. Finite Partonic Cross Section in Renormalized QCD is Not Physical Observable
After renormalization the finite partonic cross sectionσ in the renormalized pQCD calculation is expressed in terms of the renormalized coupling g R (µ). However, from the discussion from the subsection X A we saw that the renormalized coupling g R (µ) depends on the unphysical mass scale µ. Since the renormalized finite partonic cross sectionσ in the renormalized pQCD depends on the unphysical mass scale µ one finds that the renormalized finite partonic cross sectionσ in the renormalized pQCD is not a physical observable. This is obvious because the parton is not a physical observable due to confinement in QCD. As mentioned in subsection X A since the partonic cross sectionσ is not a physical observable it is not necessary to make it finite which means it is not necessary to renormalize QCD to make the partonic cross section finite, see also subsection XI B. All that matters is that the hadronic cross section (which is a physical observable) is finite in QCD which we have discussed in subsections X D and XI D. observable. This is similar to the partonic cross sectionσ which is not a physical observable in renormalized QCD which we discussed in subsection X B. Since the PDF f i and the FF D i are not physical observable there is no need to make them finite and hence it is not necessary to renormalize QCD to make the PDF f i and the FF D i finite. This is similar to the situation of the partonic cross sectionσ which is discussed in the subsection X B, see also the discussion in the subsection XI C.
It should be mentioned here that for very small values of the renormalized coupling g R (µ) the finite partonic cross sectionσ in the renormalized QCD is usually calculated by using the pQCD, for example at LO, NLO, NLLO etc. in the coupling constant. However, The physical observable in QCD is the hadron. Hence the hadron production cross section in renormalized pQCD at high energy colliders should not depend on the unphysical mass scale µ. In order to make sure that the hadron production cross section in pQCD is independent of the unphysical mass scale µ one is forced to depend on additional constraint equations which are known as the renormalization group equations, see subsection XII E.
After the factorization of infrared (IR) and collinear divergences is proved, the finite value of the hadron production cross section σ at high energy colliders is obtained from the finite partonic cross sectionσ by convoluting it with the finite PDF f i and the finite FF D i in eq.
(50) in the renormalized pQCD. This is the usual procedure in the renormalized pQCD to study hadron production at high energy colliders.
Note that, as mentioned above, the renormalization group equations are the additional constraints in renormalized pQCD because the renormalization group equations are necessary in renormalized pQCD to make sure that the physical observable (the hadronic cross section) is independent of the unphysical mass scale µ, see subsection XII E for more details.
In case of unrenormalized QCD no such the renormalization group equations are necessary to study physical observable (the hadronic cross section) at high energy colliders, see subsection XII F. Hence the unrenormalized QCD has advantage over the renormalized QCD in this respect which is one among several advantages listed in section XII.
In this section we will discuss how one can study finite hadron production cross section at high energy colliders in unrenormalized QCD. In the next section we will describe the advantage of the unrenormalized QCD over the renormalized QCD to study hadron production at high energy colliders.
First of all we note that our final result in eq. (5) is an exact result in QCD. This is because we have used the path integral formulation of QCD to derive it. The LSZ reduction formula for the partonic scattering in eq. (47) (52) and (60) are studied by using the path integral formulation of QCD [8] . Hence our final result in eq. (5) is an exact result in QCD which is valid at all orders in coupling constant and is valid for any values of the QCD coupling constant.
In contrast to this the perturbative QCD (pQCD) is applicable only for very small values of the QCD coupling constant. Hence the perturbative QCD can not always predict an exact result in QCD. For example, the parton distribution function (PDF) and the parton to hadron fragmentation function (FF) in eq. (52) can not be studied by using the perturbative QCD because they are non-perturbative quantities in QCD. Take for example a non-perturbative function of the type
The Taylor series at g = 0 for this function f (g) is exactly zero to all orders in perturbation theory, but the function f (g) is non-zero if g = 0. Hence one finds that the properties of the non-perturbative quantities in QCD like PDF and FF may not be correctly studied by using pQCD no matter how many orders of perturbation theory is used. On the other hand the path integral formulation of QCD which we have used in this paper can correctly predict the properties of the non-perturbative quantities in QCD.
Note that in order to carry out renormalization by adding counter terms, the bare coupling constant g in eq. (62) in four dimensions is assumed to be infinite in renormalized QCD. The argument given for this is that the bare coupling constant g in the renormalized QCD is not physical. But as we saw in subsection X A the renormalized coupling g R (µ) in renormalized QCD is not a physical observable because it depends on the unphysical mass scale µ. Similarly the renormalized running quark mass m R (µ) in renormalized QCD is not a physical observable because it depends on the unphysical mass scale µ. The physical observable in QCD is the hadronic cross section which is independent of the unphysical mass scale µ.
Hence we can keep the bare coupling constant g and bare quark mass m and obtain an infinite partonic cross section in unrenormalized QCD. There is nothing wrong if the partonic cross section in unrenormalized QCD becomes infinite because the partonic cross section is not physical observable. What matters is that the hadron production cross section (which is the physical observable) is finite at high energy colliders in unrenormalized QCD which we have discussed in subsection XI D. We have proved in eq. (5) that the finite hadron production cross section σ at high energy colliders in unrenormalized QCD is given by
which is exactly the same finite hadron production cross section σ at high energy colliders in renormalized QCD given by
Eq. (5) Hence from eq. (5) one finds that the finite cross section of the hadron production at high energy colliders can be studied in the unrenormalized QCD. In addition to this, as discussed in subsections XI B and XI C, one finds that the finite hadronic cross section at high energy colliders in unrenormalized QCD is function of the bare coupling g and the bare quark mass m. Hence the unrenormalized QCD has lot of advantages over the renormalized QCD to study hadron production at high energy colliders which we will discuss in section XII. and collinear divergences in the partonic cross sectionσ U nRenormalized in the unrenormalized QCD exactly cancel with the infrared (IR) and collinear divergences in the gauge links in the f
for the scattering process in eq. (46) [6] [7] [8] .
XII. ADVANTAGES OF UNRENORMALIZED QCD OVER RENORMALIZED QCD TO STUDY HADRON PRODUCTION AT HIGH ENERGY COLLIDERS
In this section we will discuss the advantages of the unrenormalized QCD over the renormalized QCD to study hadron production at high energy colliders. Note that the single value of the coupling constant g in unrenormalized QCD is not similar to the constant electric charge e in classical Maxwell theory. This is because while e is the electric charge of the electron in classical Maxwell theory but g is not the color charge q a (t) of the quark in classical Yang-Mills theory [15] . The constant coupling g is different from the time dependent color charge q a (t) of the quark in classical Yang-Mills theory. The relation between the constant coupling g and the time dependent color charge q a (t) of the quark in classical Yang-Mills theory is given by [11] 
where dr integration is an indefinite integration and
From eq. (68) one finds that the color potential is not like Coulomb potential even if the coupling g is a fixed constant. 
E. Renormalization Group Equations are Additional Constraints in Renormalized QCD
As discussed in subsection X D the hadron production cross section σ in eq. (5) at high energy colliders does not depend on the unphysical mass scale µ in renormalized QCD because the hadron is a physical observable in QCD [16] . However, the partonic cross section σ Renormalized , the parton distribution function f 
for the running QCD coupling α s (µ) and the running quark mass m R (µ) where β and γ are the beta function and the anomalous dimension respectively. This is an enormous simplification in unrenormalized QCD over the renormalized QCD.
G. Λ QCD is An Additional Unknown Parameter in Renormalized pQCD
Note that when the renormalization group equation (70) is solved one needs to know the integration constant. This integration constant is known as the Λ QCD which is an unknown parameter in renormalzied pQCD. This parameter is not present in the original Yang-Mills lagrangian [15] . Also this parameter Λ QCD can not be calculated by using renormalized pQCD because Λ QCD depends on coupling in fixed order pQCD calculation which in turn depends on Λ QCD .
H.
Λ QCD is Absent in Unrenormalized QCD
The unrenormalized QCD is much better than renormalzied QCD in this respect because there is no Λ QCD in unrenormalized QCD. This is because in unrenormalized QCD the bare coupling constant g is independent of the unphysical mass scale µ. This means there is no renormalization group equation and hence there is no integration constant (the Λ QCD ) in the unrenormalized QCD. Hence, unlike the renormalized QCD where one has to extract this unknown parameter Λ QCD from the experimental data of the hadronic cross section σ at high energy colliders, there is no such unknown parameter in unrenormalized QCD. This is a major advantage in the unrenormalized QCD over the renormalized QCD.
I. Renormalization Scheme Dependence in Renormalized pQCD
Another problem which arises in renormalized fixed order pQCD calculation is the renormalization scheme dependence of the physical observable. This should not be the case because the physical observable should be renormalization scheme independent. However, explicit calculations at higher orders in coupling g R (µ) in renormalized fixed order pQCD results have found the renormalization scheme dependence of the physical observable. Hence this remains one of the problem in fixed order renormalized pQCD calculation.
J. Renormalization Scheme Independence in Unrenormalized QCD
In unrenormalized QCD there is no problem of renormalization scheme dependence because there is no renormalization. Since there is no renormalization scheme dependence in unrenormalized QCD, the unrenormalized QCD has advantage over the renormalized QCD. Hence one finds that, unlike QED where there is no confinement, the hadron production cross section due to confinement in QCD at high energy colliders is regularization choice (or UV regulator) independent.
XIII. ONE CAN DO RENORMALIZATION IN QCD TO STUDY HADRON PRO-DUCTION AT HIGH ENERGY COLLIDERS BUT IT IS NOT NECESSARY
As mentioned above, in the dimensional regularization in 4−2ǫ dimensions, the quantities which diverge as ǫ → 0 in QCD are not physical observable. What matters is that the results of the physical observable are finite. The partonic cross section is not physical observable but hadronic cross section is physical observable. Since partonic cross section is not physical observable there is nothing wrong if the partonic cross section becomes infinite.
The workers who do perturbative calculations try to make partonic cross section finite by performing renormalization. However, as mentioned above since the partonic cross section is not physical observable it is not necessary to make the partonic cross section finite and hence it is not necessary to do renormalization to make the partonic cross section finite. The workers who do perturbative calculation can keep the ultra violet (UV) infinite partonic cross section by not doing renormalization. These ultra violet (UV) divergences in the partonic cross section will exactly cancel with all the ultra violet (UV) divergences in the parton distribution functions (PDFs) and in the fragmentation functions (FFs), predicting the finite hadronic cross section at high energy colliders which is proved in eq. (5).
The main issue is to separate the ultra violet (UV) divergent part of the partonic cross section from the finite part of the partonic cross section. One can use any regularization scheme for this purpose. For example, if one uses the dimensional regularization in 4 − 2ǫ dimensions then the ultra violet (UV) divergent part of the partonic cross section appears as the
XIV. CONCLUSIONS
In this paper by using the path integral formulation of the background field method of QCD in the presence of SU(3) pure gauge background field we have simultaneously proved the renormalization of ultra violet (UV) divergences and the factorization of infrared (IR) and collinear divergences in QCD at all orders in coupling constant. We have proved that although the perturbative QCD is renormalizable but due to confinement in QCD it is not necessary to renormalize QCD to study hadrons production at high energy colliders. This is consistent with the fact that the partons are not directly experimentally observed but the hadrons are directly experimentally observed.
